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Abstract:

The present work is focused at analyzing the dynamical interactions caused by a ramp
type boundary load in an elastic medium with temperature dependent properties. The problem
has been modeled by employing the fractional order strain generalization of Lord-Shulman
theory to carry the investigation. The governing equations of the problem in one-dimensional
case are tackled with the help of Laplace transforms and state space techniques. Expressions
for displacement, temperature and stress fields are obtained in transformed domain.
Variations of the field variables are displayed graphically for different values of fractional

order strain parameter.
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Introduction

Generalized thermoelastic models involving finite speed of thermal signals have
gained a lot of interest of researchers over the last four decades due to its various applications
in continuum mechanics, aeronautics, acoustics and so on. Theories of

generalizedthermoelasticity proposed by Lord and Shulman [1], Green and Lindsay [2] and
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Green and Nagdhi [3-5] are the earliest and well-established theories. Several problems have

been considered by different authors [6-10] using these models of thermoelasticity.

Fractional calculus has gained a lot of importance in the fields of thermoelasticity,
heat diffusion, viscoelasticity, continuum mechanics etc. over the last few years. It has been
adopted to modify many existing models of physical processes. A new model of generalized
thermoelasticity incorporating fractional derivatives was established by Sherief et al. in 2010
[11]. Youssef [12] also proposed a new theory of generalizedthermoelasticity using the
methodology of fractional calculus anddiscussed one dimensional application. In 2015,
Youssef [13] put forward a new theory of thermoelasticity involving fractional order strains.
In this article Youssef provided a unified system of differential equations governing seven
different models of thermoelasticity in the context of one temperature and two temperatures.

The material characteristics such as the modulusof elasticity, the Poisson’s ratio, the
coefficient of thermal expansion and thethermal conductivity are no longer constants.
Therefore, temperature dependency of material characteristics extends the applicability of the
solutions obtained to different ranges of temperature.In this manuscript, a thermoelastic
model with temperature dependent properties has been considered under the purview of
generalized fractional order strain thermoelasticity proposed by Youssef. One dimensional

problem has been solved using Laplace transforms and state space technique.

Nomenclature
Oij Components of stress tensor
ALu Lame’s constants
y(34 + 2Wa;
a; Coefficient of linear thermal expansion
7o Thermal relaxation time
T Mechanical relaxation time
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B Fractional order strain parameter

to Ramp parameter

T Absolute temperature

T, Reference temperature

0 T -T,, Thermodynamic temperature

assumed to satisfy |0/7p| <<'1

U; Components of displacement vector
OO0yxs The principal stress component

p Density of the medium

ey Components of strain tensor

€rk e, Cubical dilatation

K Thermal conductivity

Cg Specific heat at constant strain

bij Kronecker delta function

t Time variable

Formulation of the problem:
The governing equations for the considered medium takes the formfollowing Youssef [13]
The equation of motion (in absence of body forces)
gji,j = PU; (1)
The constitutive equation

O-ij =2 ,Ll(l + T'BDtﬁ)ei}' + /1(1 + T'BDf)ekk(gij - )/9611 (2)
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The heat conduction equation takes the form

K6 = pcg(6 + 106 ) +yTo(1 +7PDF) (6 + 156) 3)
Strain displacement relation

ej = %(ui,j + U, “)

In the above equations, a dot over a variable denotes derivative with respect to time ¢, a
comma refers to a spatial derivative and the tensor convention of summing over repeated
indices is used.

We assume that E = Ef (T) and

A =AEof (T), b = uoEof (T), v = voEof (T) Q)

Where E is temperature dependent modulus of elasticity, f(T) is non-dimensional
given function of temperature and E, is considered constant. In case of temperature
independent modulus of elasticity, f(T) =1 and E = E|,.

For one dimensional problem, we take
U = (u(x, t),0,0), 6 =0(x,t) (6)

Making use of (5) and (6) in the equations (1)-(3), we obtain

0= Oy = (Ao + 2Ue)Eo f (T)(1 + 78D )e — yoEof (T)6 (7
0
€ = Exxy = i’ (8)
do .
2 _ pii ©)
] de

2 .00 9
Ko = pep(1+T03) 5 + VoToEof (N1 + D) (1 +105-) 5 (10)

Equation (9) can be rewritten as

0%0

Introducing non-dimensional variables
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, @ ,  Pa@ , 1
= C—lx,u N YoToEo o= YoToEy 7
(t,70) = 6(t,70),0' == (12)
where ¢,%2 = (A4 2u)/p andw = cg(A + 2p) /K.
Performing the Laplace transformation defined as
) = LU0} = [ e (13)

over the non-dimensional form of governing equations and using the homogeneous initial
conditions, we get the following equations

6=>0+1PsFe -0, (14)

D% = g 5%¢, (15)

D26 = (s + Tosz)é +e&(1+ Tﬁsﬁ)(s + Tosz)éa (16)

. . ]
where all the initial state functions are equal to zero. D = P and s denotes the complex

argument related to the Laplace transform. Bar over a quantity indicates the quantity in
Laplace transform domain.

Eliminating e from Eqgs. (14)-(16), we have

D%6 = L,0 + L,5, (17)
And
D26 = M0 + M,3, (18)

where Ly = (s + 1o52)(1 + &), Ly = &5(s + 1952),

&St _ gas?
My = (1+1Bsh)’ Mz = (1+7BsB)

Choosing the temperature of heat conduction ¢ and the stress component ¢ as state variables,

Egs. (17) and (18) may be cast in the matrix form as follows

d?v(x,s)
dx?

= A(S)V (x,5), (19)
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where

rr=[3) w0 =[5, ]

Formal solution of the matrix differential Eq. (19) can be written in the form

V(x,s) = e VAOXY(0,s), (20)
with

- _ 6(0,s) |6

V.9 =150, = 02]

where for getting bounded solution for large x, we have dropped the exponential having the
positive power.

In order to find out the form of the matrix exp[—w/ A(s)x], we will use the well-known
Cayley-Hamilton theorem. The characteristic equation of the matrix A(s) can be written as

A2 = ALy + My) + (LyM, — LyMy) = 0, 1)
the roots of this equation, namely, k; and k,, satisfy the following relations

ki+k, =L +M,, (22)

kik, = LiM, — L, M. (23)

Taylor series expansion for the matrix exponential in Eq. (20) is given by

exp[—/AG)x] = T 2L (24)

Using the well-known Cayley-Hamilton theorem, we can express A2 and higher orders of the
matrix A in terms of I and A, where I is the unit matrix of second order.

Therefore, the infinite series in Eq. (20) can be reduced to the form
exp[—./A(s)x] = ay(x,s)] + a;(x,s)A(s). (25)
where @ and a; are the parameters depending on x and s .

As a consequence of Cayley-Hamilton theorem, the characteristic roots k; and k, of the
matrix must satisfy equations

exp[—\/k_lx] = ay(x,s) + a1(x, $)kq, (26)
exp[—\/k_zx] = ay(x,s) + a,(x, s)k,. (27)
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Solution of this system of linear equations yields

ke Vk2x_j,e~Vk1x

X9 ki—k, 5 (28)
e~Vk1x_g—Vka2x
a, = T (29)

Now, the solution in Eq. (20) can be written in the form

Ly(e*a¥—e~Vkzx)

e Vk2X (ky—Ly) e VF1X (k= Ly)

L, = Ly, =
11 K1—ky 12 PR s
L. = My (e™VF1x_g=Vk2x) L. = e~VE1X (1, - My)—eVR2X (k; —M,)
21 — _ 5 22 — _ .
k1-k ka—kq

We obtain the following expressions for temperature and stress as

e_‘/k—zx(kléo —L16p—L; (To)—@_‘/k_lx(kz 69—L160—L250)

0= s , (31)

e_‘/Ex(’ﬁ(To—Mzao—M1éo)—e_‘/k_1x(kzao—Mzao—M1éo)
k1—k; ' (32)

o

Ramp type increase in Boundary Load

The boundary plane x = 0 is subjected to a ramp type increment in load and is kept at
constant temperature T,,. Mathematically, this can be written as

0(0,t) =09 = —a" (1), (33)

0(0,t) = 6, = 0 where ¢ is a constant load and [1(t)is a function of 7 defined as

0, t<0,
t

) =4, 0<tst,
1, t>t,

(34)
and t is a fixed moment of time.

Employing the boundary conditions, we obtain the following expressions for stress,
displacement and temperature as
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U*az[(kz—Mz)e_‘/k_lx—(k1—Mz)€_‘/k—2x]

0= kq—kz ’ 33)

5 Lza*az[(1—/31’(2)6;‘1/2’;‘(1‘ﬁlkl)e_\/k_lx]. (36)

u= slszi:collz_kz) [\/k_ze_‘/k_zx{kl — My} —[kye ™M {k, — Mz}](37)
with a, = 1:;?

Numerical results and discussion

In this section, we perform some numerical calculations in order to illustrate the
analytical results. The material chosen for this purpose is copper whose characteristics are as

follows:

A=7.76x10Kgm 1572, u=3.86 x 101°Kgm~1s72, p = 8954kgm™3,
@, = 1.78 x 10-5K~1, 7, = 0.025, cy = 383.1Jkg~'K~!, T, = 293K,
K =386Wm 1K 1,t, = 0.5, o* =1.

Considering the above physical data, we compute the numerical values of
displacement, temperature and stress component for a wide range of distance x. To
demonstrate the effect of fractional order strain parameter, we have considered three

different combinations of the values of parameters t and £ for t = 0.1.

Figure 1 clearly demonstrates the effects of relaxation time 7 and fractional order
strain parameter S on the spatial variations of displacement componentu. Solid line
represents the solution corresponding to generalized theory without fractional order strain
whiledashed lines are obtained after considering fractional order of strain.Near the bounding
surfacewhere theboundary conditions dominate, the difference between the values of
solution curves is markedlyobserved. Also, maximum negative values assumed by these
curves lie on the boundary. As we move inside the medium, the solution curves start giving

close results following a very smooth numerically decreasing pattern and ultimately these
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curves disappear after x = 5.6 which is due to the second sound effect inherent in generalized

theories. It is clear that absence of fractional order strain increases the magnitude of u .
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From a perusal of figure 2, it is clear that presence of 7 has significantly affected the

variations of temperature €. On the boundary surface, difference in values of
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6 is not pronounced showing a negligible effect of fractional order strain. But with the

increase in non-dimensional location, effects of parameters 7 and § are markedly observed.
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Figure 3 represents the distribution of stress component o for three combinations of
fractional order parameters. As seen from the figure, stress field attains maximum positive
values at the point of application of mechanical load. After that, its magnitude decreases
gradually with increasing distance x to achieve steady state and finally becomes zero.
Absence of 7 is responsible for decreasing the values of stress component. Also, stress is

tensile during the whole range.
Conclusion:

In the present work, thermoelastic interactions in a one dimensional description of a semi-
infinite body within the framework of recently proposed theory of generalized
thermoelasticity with fractional order strain using state space formulation.Following

observations emerge from the present investigation:

1. Solutions to various physical fields are localized within a finite region of distance from

boundary which advocates the inherent characteristics of generalized theories.
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2. Thermal signals move with a finite speed in the medium which establishes that generalized
thermoelasticity with fractional order strain supports the fundamental thermodynamic

characteristic of the thermoelastic solids.

3. All the field variables are found to be significantly sensitive towards fractional order

strain. It has both increasing and decreasing effects on the profile of physical variables.
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